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SUMMARY
The recent development of new forms of composite and hybrid 
m aterials together with the need fo r stronger but lig h te r  structures 
fo r use in a ir  and space c ra ft has lead to a rapid rise  in the use of 
sandwich construction. However, the deformation behaviour 
characte ris tics of sandwich structures are very complex, even under 
the simplest of loading arrangements, when compared to the simple 
homogeneous case. This additional complexity increases the number of 
possible modes of fa ilu re  and i f  sandwich construction is to be used 
most e f f ic ie n t ly  then a simple analysis is required to ca lcu late the 
stresses induced in sandwich structures and hence the expected mode 
and load at fa ilu re .
Two such analyses are developed w ith in  th is  region to pred ict 
the stress d is tr ib u tio n s  fo r both symmetrical and non-symmetrical 
sandwich beams subjected to a transverse load. To provide the 
simplest possible solution to the problem i t  was assumed tha t the 
e la s tic  deformation behaviour of the facings conformed with the 
Bernoulli-Euler Theory. The core is assumed to act s t r ic t l y  as an 
e la s tic  connection between the facings, sustaining the in te r fa c ia l 
shear stresses and supporting much of the shear force.
The theore tica l resu lts  obtained from the simple solutions 
developed were ve rifie d  by a series of experimental studies invo lv ing 
the testing  of two-dimensional photoelastic models. This provided a 
method fo r making d ire c t measurements of those stresses of in te re s t, 
fo r i t  is possible to determine the state of stress at any point 
w ith in  the model.
Thus despite the complex deformation behaviour ch a ra c te ris tics  
o f sandwich structures two simple analyses have been developed which 
have been found to be e ffe c tive  in pred icting the stress 
d is tr ib u tio n s  associated with symmetrical and non-symmetrical 
sandwich beams subjected to transverse load.
CHAPTER 1
GENERAL INTRODUCTION
1,1 Sandwich Construction
Sandwich Construction consists of th in  facings of strong s t i f f  
material bonded e ithe r side of a much th icke r core of lower modulus. 
This idea of using strong facings spaced with a weaker core was 
introduced in about 1820 by a Frenchman named Duleau. However,
sandwich construction was ra re ly  used u n til World War I I ,  when the 
increased speeds of a irc ra ft  resulted in the need fo r laminar flow
over aeroplane wings. In the Mosquito a irc ra ft  th is  problem was 
solved by the in troduction of sandwich construction which being
lig h te r  also increased the load capacity. This increase in load 
capacity resulted in sandwich construction becoming more w idely used 
throughout many aspects of a irc ra ft  construction.
More recently the development of new forms of composite and 
hybred materials and the need fo r stronger but lig h te r  structures 
fo r use in a ir  and space c ra ft construction. At present the choice 
of facing material is almost umlimited with the p o s s ib ilit ie s  ranging 
from paper or wood through hardboards and p las tics  to metals or
reinforced p la s tic  laminates.
In contrast however the available cores generally have d iffe re n t 
inherent charac te ris tics  which make them useful in sp e c ific  
applications. Some examples of the core types available are :-
Ribbed or Corrugated Cores
Ribbed or corrugated cores are of s im ila r design to  the 
honeycomb cores mentioned la te r. They do however possess 
s ig n if ic a n tly  less strength although they have the advantage of being 
much cheaper to construct. Thus th e ir  use is re s tr ic te d  to providing 
low cost but low load-bearing panels. Various forms of such panels 
are widely used throughout many aspects of the build ing industry, fo r  
example in terna l p a rtitio n s  are often made with plasterboard faces 
and with re s in /f ib re  ribbed cores.
Cellular Plastics
Foam or c e llu la r  p las tics  are well known fo r th e ir  thermal 
insu la tion  properties. However they do exh ib it other charac te ris tics  
which make them an ideal core m ateria l. They are of lig h t weight and 
have good water resistance, high strength-to-weight ra tio s , f i r e  
resistance, low moisture perm eability, buoyancy and corrosion 
resistance. Sandwich construction with cores of th is  type are 
generally in lower load bearing applications where some spec ific  
property is required. For example carbon/epoxy laminate facings and 
a syntactic foam core are used in certa in  torpedo casings^1 ). 
This provides many advantages over an ordinary so lid  metal casing, 
including improved noise attenuation and lig h t weight design which 
gives greater depth and manoeuvrability with a greater payload to 
endurance ra tio .
Honeycombe
Although honeycomb cores can be made of a va rie ty  of m ateria ls , 
aluminium f o i l  is probably the most widely used. In th is  form the 
sandwich consists of hexagonal ce lls  of aluminium f o i l  running 
perpendicular to the facing. In some cases where spec ific  properties 
are required e.g. heat resistance, these ce lls  can be f i l le d  with a 
p la s tic  foam. This type of sandwich construction has many uses, both 
in primary and secondary s truc tu ra l applications e.g. in  the 
Autek 400 Business A irc ra ft(2 ) nearly 70% of the airframe is  made 
of a sandwich of "Nomex" aramid honeycomb core and "Kevlar" aramid 
facings, the rudder on Concorde(3 ) is an aluminium f o i l  honey­
comb core sandwiched with Aluminium A lloy  facings.
With a ll forms of sandwich construction there is the p o s s ib il ity  
of shaping the beams or panels to accommodate the stresses and loads 
to which that member w il l  be subjected, so tha t each m aterial is 
stressed to the p ractica l lim its  of i ts  p o s s ib ilit ie s . For example 
where the bending moment is small, shallow beams can be employed and 
as the bending moment increases so the depth of the beam can be 
increased. Another important aspect in the use of sandwich 
construction is the a b i l i ty  to use materials which provide special 
properties not available using standard construction methods.
Typical examples are radomes or translucent structures. A spec ific  
example is AWACS^) the Airborne Warning and Control System which 
has a 30ft diameter radome of sandwich construction made from 
epoxy/fibreglass prepreg facings with a phenolic /fib reg lass 
honeycomb core.
R. M. Jones(5 ) has noted a p a rticu la r aspect of the cost 
effectiveness of composite materials of which sandwich beams are one 
form: "A s ig n ifica n t consideration is the scrappage in fa b rica tio n  
operations". Scrappage is the material tha t is trimmed or machined 
from the s ta rtin g  form of the material in achieving the f in a l 
product. For most conventional m ateria ls, scrappage is  returned to 
the manufacturer fo r reprocessing. However, scrappage should be less 
fo r composites than fo r conventional materials because composites are 
fabricated in as close to the f in a l configuration as possible. For 
example, spars and longerons in aeroplanes wings are beam elements 
that are usually tapered in both depth and width and have holes in 
th e ir  webs to decrease weight. The fab rica tion  of such members from 
conventional m aterials such as aluminium or other alloys consists of 
hogging out (machined) a large large blank of material tha t sometimes 
weighs as much as seven times the f in a l spar weight. The scrappage 
is then 600 percent! On the other hand, spars have been fabricated 
from composite materials with as l i t t l e  as 10 percent scrappage! 
This comparison may seem un fa ir in the lig h t of other examples, but 
i t  ac tua lly  is quite re a l is t ic .  Composite materials are not claimed 
to be a cu re -a ll fo r every application or even competitive with other 
m ateria ls. There are many instances in which composite m aterials are 
uniquely suited because of th e ir  peculiar fab rica tion  process. Thus, 
th is  "special" case of a spar is not re a lly  specia l, but is  ac tua lly  
a powerful example of the class of applications where composite 
materials o ffe r s ig n ifica n t advantages over conventional m ateria ls.
1,2 Deformation Behaviour of Sandwich Beams
The deformation behaviour characte ris tics  of a sandwich beam are 
very complex, even under the simplest of loading arrangements, when 
compared to the simple homogeneous case. When a sandwich beam is 
subjected to a transverse shear load the facings support axial
compressive and te n s ile  forces, forming a couple which opposes the 
moment produced by the load. The core however carries l i t t l e  i f  no 
axial force but a m ajority  of the shear load which is transferred to 
the core via the facings. The shear load transfe r mechanism consists 
of the axial forces w ith in  the facings causing large in te r fa c ia l 
shear stresses to be induced at the boundaries between the facings 
and the core. Thus the core is subjected to almost pure shear. 
Because of th is  large shear load carried by the core i t  is  c lear tha t 
the shear deformation and f le x ib i l i t y  of the core must be taken in to  
account i f  a true understanding of the overall behaviour of sandwich 
beams is to be obtained.
As mentioned previously the behaviour of sandwich beams is very 
much more complex than the simple homogeneous beam. As would be 
expected th is  increase in complexity also increases the number of 
possible modes of fa ilu re  (as shown in Fig [1 .1 ]) .  C learly the mode 
of fa ilu re  fo r any p a rticu la r beam w il l  be governed by both the 
geometry of the structure and the mechanical properties of the 
constituent m ateria ls.
I f  sandwich structures are to be used without an analysis which 
can accurately pred ict the mode and load at fa ilu re  i t  becomes 
necessary to conduct a comprehensive series of tests fo r  each
ind iv idua l sandwich element. Such a series of tests would not only 
prove very expensive but would also take valuable time both of which 
would have to be taken in to  account during development. Thus
production of a simple analysis to calculate the stresses induced in 
sandwich structures and hence the expected mode and load at fa ilu re
would be of great benefit in the use of sandwich structures.
1.3 E las tic  Stresses in  Sandwich Beams
As stated, conventional theory fo r the bending of a homogeneous 
beam under transverse load becomes inadequate when the problem of a 
sandwich beam is considered. I t  becomes necessary to consider the 
shear load transfe r mechanism by which the shear forces are 
transmitted from the facings to the core which has mechanical 
properties quite d iffe re n t from those of the facings.
To provide the simplest possible solution to the problem i t  is 
assumed that the e la s tic  deformation behaviour of the facings conform 
with the Bernoulli-Euler Theory. The core acts s t r ic t l y  as an
e la s tic  connection between the facings, sustaining the in te rfa c ia l 
shear stresses and supporting much of the shear force. I t  does not 
however make a s ig n ifica n t contribu tion  towards carrying the bending 
moment introduced.
From these simple assumptions i t  is  possible to  bu ild  up a
picture of the form that the stress d is tr ib u tio n s  w il l  take. These 
are shown in Figure [1 .2 ] and involve linea r bending stress 
d is tr ib u tio n s  in both facings. However fo r com patability i t  is c lear 
that the bending stress w ith in  the core must be in the reverse
d ire c tion , although i t  should also be noted tha t i t  is comparatively 
small in magnitude. The shear stress d is tr ib u tio n  consists of 
parabolic shear w ith in  the facings and an almost constant shear
stress across the core, ( th is  orig inates from the core supporting 
almost pure shear as mentioned previously).
Figure [1 .2 ] c le a rly  shows the existance of three neutral axes 
w ith in  the beam, one in each facing and one in the centre of the 
core. I t  is also important to note how the axial force w ith in  each 
facing displaces the neutral axis of that facing towards the core. 
I t  also displaces the parabolic shear in the facing toward the core 
producing the in te rfa c ia l shear stress. This is the actual shear 
load tra n s fe r.
A comparison of Figures [1 .1 ] and [1 .2 ] w i l l  demonstrate how 
once the stress d is tr ib u tio n s  are obtained i t  would be a re la t iv e ly  
simple task to determine the c r i t ic a l mode of fa ilu re  fo r  tha t 
p a rticu la r sandwich beam.
With the widely used work of Plantema(6 ) and A llen (7 ) 
which developed a s tra in  energy analysis the displacement of the 
overa ll sandwich beam is considered to be a combination of two 
d iffe re n t displacements, the so called primary and secondary. The 
primary displacement is that due to bending whereas the secondary 
displacement is that associated with the shear s tra in  of the core of 
the sandwich. The analysis involves a so lution to pred ict these
- 6 -
primary and secondary displacements and hence the stresses associated with 
them. A comparison of this plane strain solution with the plane stress solu­
tion presented in this thesis yidds stress distributions which differ by less 
than four percent (for the three beams considered), thus confirming the 
equivalence of the two approaches.
A simple plane stress solution has been developed to obtain more 
detailed information about the stress distributions in sandwich beams. The 
solution of such a complex problem can only be verified by experimental 
studies. The testing of a two-dimensional photoelastic model provides an 
obvious method for making direct measurements of those stresses of 
interest, for it is possible to determine the state of stress at any point 
within the model. However, in order to obtain a reasonable set of experi­
mental data the photoelastic models consisted of thick faces and flexible 
cores and it should be noted that this is not typical of the most efficient 
sandwiches in which bending is resisted primarily by axial forces in the 
faces.
1 Tens i le  f a i l u r e  of  fac in g  m a t e r i a l .
2 Shear f a i l u r e  of fac in g  m a t e r i a l .
3 Shear f a i l u r e  at  f a c in g /c o r e  i n t e r f a c e .
4  Compressive f a i l u r e  of  fac in g  m a t e r i a l .
5 Tens i le  f a i l u r e  o f  core m a t e r i a l .
6 Compressive f a i l u r e  of  core m a t e r i a l .
7 Shear f a i l u r e  of core m a t e r i a l .
F igure  U . 11 Modes of F a i lu r e
Figure [1.2] Typ ica l S tress  D is t r i b u t io n s  For
R Symmetrical Sandwich Beam.
CHAPTER 2
REVIEW OF RELATED LITERATURE
2.1 Introduction
In reviewing available publications i t  was apparent tha t there 
was a re la tive  lack of l ite ra tu re  on sandwich s tructures, so i t  was 
decided to increase the f ie ld  of in te res t to incorporate laminated 
structures. Laminates are another form of composite m aterials and 
closely related to sandwich structures, thus reviewing the lite ra tu re  
w ith in  th is  f ie ld  could provide important information in 
understanding sandwich construction. Laminates are also widely used 
as a facings materials w ith in  the sandwich industry and so are of 
in te rest here.
2.2 Three-Point Bending of Rectangular Plates
The e a rlie s t e la s tic  analysis of laminated or sandwich beams or 
plates was developed in 1936 by H. W. March(8 ) who derived a 
d if fe re n tia l equation fo r the transverse deflection  of a c e n tra lly  
loaded rectangular s tr ip  of plywood, shown in Figure [2 .1 ].  The 
deflection is calculated at the position where the concentrated 
central load is applied to  the s tr ip .
In his ca lcu la tion of the deflection H. W. March uses the simple 
formula w=Pa3/48EI fo r the deflection of a ce n tra lly  loaded beam, 
as a f i r s t  approximation. I t  is then noted that the thickness of the 
s trip s  contemplated is small in comparision with the width and they 
must be considered as f la t  plates rather than beams. A correction is 
then made to the foregoing formula to take in to  account the e ffe c t of 
a n ti-c la s tic  curvature (the transverse contraction or extension 
accompanying a long itud ina l tension or compression, respec tive ly ). 
This correction is found by trea ting  the s tr ip  as a th in  p late simply 
supported on two opposite edges and free on the other two edges. I t  
is found that th is  correction fo r a n ti-c la s tic  curvature is small.
A fu rth e r correction  is  then made to take in to  account the 
e ffe c t o f shear deformation due to  shearing stresses in planes 
perpendicular to the surface of the p la te . The correction  is  found 
as a function of the span-depth ra t io  by tre a tin g  the s t r ip  as a 
double can tileve r in a state of plane s tra in . Again th is  correction  
was found to be normally small.
In deriv ing  the overa ll d if fe re n t ia l equation fo r  the de fle c tio n  
i t  was assumed tha t the components of displacement u  and w were 
functions o f x and z only and tha t v=0. Thus a l l  components o f 
stress and s tra in  are independent of y. At the in te rface  between 
adjacent p lie s , the fo llow ing  two conditions app lied :-
( i )  the components of stress in the d irec tions  of x and z 
co-ordinates were continuous;
( i i )  the components of displacement u and w were continuous.
There was a fu rth e r condition tha t at the in te rface  between each 
p ly  the components o f stress and s tra in  were connected by 
co m p a tib ility  conditions.
The de flec tion  expression was derived from a stress function  in 
the form o f a polynomial (equation 26 o f reference [8 ] .  This 
so lu tion is  then used to determine the centra l de flec tion  in a range 
of plywood s tr ip s , containing three, f iv e ,  seven and nine p lie s .
A s im ila r technique was used in 1944 by H. W. March and 
C. B. Smith(9 ) to ca lcu la te  the e ffe c tive  fle x u ra l r ig id i t y  o f an 
unbalanced sandwich p la te  subjected to th ree -po in t bending as shown 
in Figure [2 .2 ] .  The sandwich p la te  consisted of plywood facings 
with a balsa core. The method was developed fu rth e r in a revised 
paper of 1955(x0 ). Within th is  paper the s tiffn e s s  equation is  
calculated as (equation 65),
(e ffe c tiv e  fle xu ra l r ig id i t y )
where D re fe rs  to  the fle x u ra l r ig id i t y  o f the construction , 
neglecting the e ffe c t of shear deformation of the core and n re fe rs  
to  a fa c to r showing the influence of the shear deformation of the 
core.
Norris et a l(n ) pointed out tha t w ith the form of the 
equation fo r  the e ffe c tiv e  s tiffn e s s  when the modulus of r ig id i t y  of 
the core is  reduced to  zero the e ffe c tiv e  s tiffn e s s  is also zero. 
This is  c le a r ly  incorrect because the s tiffn e s s  of the ind iv idua l 
facings are s t i l l  present. Thus the theory would be less accurate 
when considering sandwich construction having th ick  facings or cores 
of small moduli of r ig id i t y ,  which is a typ ica l con figu ra tion .
2.3 Four-Point Bending of Sandwich Beams
An ea rly  e la s tic  analysis o f an unbalanced sandwich beam is  
presented in report No. 1505-A, published by the Forest Products 
Laboratory in 1952, by Norris et a l(n ). The unbalanced sandwich 
beam is subjected to fo u r-p o in t bending as shown in Figure [2 .3 ] .  In 
the analysis the beam is  assumed to carry normal loads w ith the 
facings being treated as c y lin d r ic a lly  bent p la tes. The s tra ins  in 
the facings are taken to  consist so le ly  of those associated w ith 
bending and s tre tch in g , and i t  is also assumed tha t the component of 
normal displacement is  iden tica l in the two facings. The core
m aterial is  considered to be weak in shear as compared w ith the 
facing m a te ria l, the bending s tiffn e s s  of the core is  neglected 
e n tire ly . In the shear analysis i t  is  assumed tha t the shear 
deformations are constant over the thickness o f the core.
From these assumptions and the governing equ ilib rium  equations 
an in te r fa c ia l shear stress function is  obtained which takes the 
form
T=Acosh(o<x)+ Bsinh(cxx) +p 
o?
from th is  a ll other relevant stresses and s tra ins  are obtained.
The fo llow ing  conclusions were drawn by the authors, Norris et a l : -
( i )  The resu lts  of the new analysis agree with tha t of Report 
No. 1505 (by H.W. March and C.B. Smith reference [9 ] )  fo r  
usual sandwich construction . For extreme sandwich 
constructions having th ick  facings and cores of very small 
moduli of r ig id i t y ,  the new analysis may y ie ld  values closer 
to  those e x is tin g  in the specimens. Neither analysis is 
su itab le  fo r  very short specimens, nor fo r  the 
determinations of the stresses near the loads or reactions.
( i i )  In general, the values obtained from tests  agree reasonably 
well with those computed by the method of Report No. 1505 by 
H.W. March and C.B. Smith reference [9 ] .
A more recent analysis was produced by K. Kemmochi and 
M. Clemura(12) in 1980. Under the assumption tha t the core was 
o f low modulus m ateria l in comparison with the faces of the sandwich 
beam and tha t the bending moment was resisted by the faces alone the 
"m u lti- la ye r b u ilt-u p  theory" was developed. The theory leads to  the 
forming of a second order d if fe re n t ia l equation,
dfe-G?.l?=-p&.M 
dx* 1 SB
which by considering the boundary conditions the axia l forces in the 
two regions ( i )  and ( i i ) ,  see Figure [2 .4 ] ,  were determined. Tests 
were carried out on four models w ith varying ra tio s  of the face and 
core Young's modulii (Ef/Ec ), the loads applied were kept well 
below the e la s tic  l im it .  The conclusion drawn by the authors was 
tha t as the modulus ra tio  was increased, the location of the neutra l 
axis changed position  towards the te n s ile  edge. Further increase 
caused neutral axes to  appear w ith in  the faces. Points to  note are 
tha t a comparison between th eo re tica l and experimental re su lts  is 
only shown fo r  a section in region ( i i )  and then only ax p lo ts  are 
shown. This is despite the fa c t tha t experimental p lo ts  of ax, ay 
and Txy  are drawn fo r  a section in region ( i ) .  Also there is not an 
explanation or diagram of how the fou r-po in t loading is a c tu a lly  
applied.
2.4 Composite Laminates Under Cylindrical Bending
In 1969 N.J. Pagano(13) produced a series of exact solutions 
(w ith in  the linea r theory of e la s t ic ity )  fo r un id irec tiona l and 
b id irec tiona l (0°-90°) layered anisotropic systems under c y lin d r ic a l 
bending.
Within the analysis a state of plane s tra in  is  assumed with
respect to  the xy plane, see Figure [2 .5 ] ,  and the model is  also
assumed to be simply supported at i ts  ends. The p late under
consideration is taken to undergo normal tra c tio n  with cry=q(x) 
applied on the upper surface. This load q(x) takes the form of a 
Fourier series. A ll stress, s tra in  and displacement components are 
taken as functions of x and y only with con tinu ity  of tra c tio n  and 
displacement being established at the interfaces between layers. The 
fo llow ing three separate geometrical configurations were considered, 
namely;
( i )  a un id irec tiona l p late with the fib res  orientated in the
x -d ire c tio n ,
( i i )  a b id ire c tion a l (coupled) laminate with the transverse and 
long itud ina l d irections aligned pa ra lle l to x in the top and 
bottom layers, respective ly, the layers being of equal 
thickness,
( i i i )  a symmetric 3-p ly laminate with layers of equal thickness - 
the long itud ina l d irec tion  coincides with x in the outer 
layers while the transverse d irec tion  is p a ra lle l to x in 
the central layers.
Theoretical resu lts  are computed fo r the long itud ina l stress, 
transverse stress, and plate de flec tion , those are then compared to 
the c lassica l laminated plate theory summarised in reference [1 4 ]. 
I t  should be noted that no experimental evidence is presented with 
which to compare the resu lts  of the anaysis presented.
2,5 Bending of Laminated Plates Under Transverse Load
A paper was published in 1969 by J.M. Whitney(15) in which a 
bending theory has been developed fo r anisotropic laminated plates 
subjected to  transverse loading. The work deals with symmetric 
laminates in which the material axes of each layer have a rb ita ry  
o rien ta tion  with respect to the plate axes, i t  was intended to show 
the e ffec t of shear deformation on the gross behaviour of fibrous 
composites.
The plate surfaces were assumed to be free of shear trac tions  
and the shear stresses were to be continuous at the in terface of 
adjacent layers.
By assuming a s ta tic  load in the form of a Fourier series the 
equations of motion are obtained which are only solveable i f  certa in  
conditions are assumed, i.e .  i f  the laminates are composed of a large 
number of layers such tha t the plate becomes quasi-homogeneous, 
special o rtho trop ic in which the reduced solution is solveable.
I t  has been shown that under the transverse shear load, the 
shear deformation can s ig n if ic a n tly  a ffec t the de flec tion  of 
anisotropic laminates. For the bending of a four layer symmetric 
crossply square p late under transverse load, i t  has been shown 
(Figure 1 of reference [15 ]) that the shear deformation reduces the 
deflection  above 15% (in  th is  case the width to thickness ra tio  
was 20). Figure 2 of reference [15] shows that the e ffe c t is  much 
less pronounced fo r low modulus ra tio s .
I t  has also been pointed out tha t the magnitude of the 
d iscon tinu ity  in the slope of the shear stress at the in te rface  of 
adjacent layers of the crossply p la te , which appears as a function of 
the shear modulus ra tio ,  is not as large as the d isco n tin u ity  which 
appears in Pagano's(13 ) work.
The report by J.M. Whitney concludes that despite the 
quan tita tive  inaccuracy of the assumed shear stress functions i t  
appears tha t the theory presented can accurately p red ic t gross 
response characte ris tics  (plate de flections, buckling loads e tc ).
I t  shows that careful consideration should be given to  plate
dimensions and material properties before neglecting transverse shear 
deformations.
2.6 Photoelastic Studies
An early example of the use of ph o toe las tic ity  in experimental 
studies can be found in a paper published in 1931 by
M.M. Frocht(16), who investigated the optica l properties of
various m ateria ls. I t  is mentioned that under pure bending the 
fringes in Bakelite and c e llu lo id  beams appeared as p a ra lle l,  
s tra igh t and equidistant line s , th is  being due to  the lin e a r
d is tr ib u tio n  o f the bending stress. From the known loading 
arrangement and beam dimensions the stress value of each frin ge  can 
be calculated. A fu rth e r investigation of d iffe re n t loading systems 
such as a cantilever with transverse end load and fou r-po in t bending 
was" undertaken using rectangular beams of homogeneous m ate ria l. As a 
re su lt i t  was shown that the Bakelite materiel was o p tic a lly  more 
sensitive to stress varia tions than the c e llu lo id  m ateria l.
A more recent example of the use of the photoelastic technique 
in the experimental study of sandwich beams in the work o f 
K. Kemmochi and M. Uemura(12) mentioned previously, see under 
Four-Point Bending of Sandwich Beams. Within th e ir  paper, published 
in 1980 they used the shear d ifference method of stress separation to 
determine the stress d is tr ib u tio n s  across four d iffe re n t photoelastic 
models.
zFigure [2 .1 ]  H.W.March's Model o f  a C e n t r a l l y
Loaded S t r ip  o f  Plywood.
zFigure [2.2] H.W.March and C .B .S m ith 's  Model
S ubjec ted  to  3 - p o i n t - b e n d i n g .
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CHAPTER 3
THEORETICAL ANALYSIS OF A SYMMETRICAL SANDWICH BEAM
3.1 Introduction
Here a theory is developed to pred ict the e la s tic  bending and 
shear stress d is tr ib u tio n s  fo r a sandwich beam of symmetrical 
construction. For any sandwich beam the value of the stresses at the 
c r i t ic a l  po in t, the point from which fa ilu re  is l ik e ly  to o rig in a te , 
w il l  depend upon both the geometrical configuration and the loading 
arrangement. However, sandwich-structures have an additional problem 
of possible in te rfa c ia l shear fa ilu re  thus the most c r i t ic a l  case is  
transverse loading which induces high in te rfa c ia l shear stresses.
By assuming a re la tiv e ly  simple displacement condition i t  is  
possible to develop, from f i r s t  p rin c ip le s , a shear trans fe r 
mechanism to explain the method by which shear loads applied via the 
facings are transferred to the core material of the sandwich. The 
resu lting  theory which is developed here can be used to pred ict not 
only the bending and shear stress d is tr ib u tio n s  across the facings
and core, but also the varia tion  in the stresses along the length of 
the sandwich.
Further w ith in  th is  chapter there w il l  be a discussion of the 
resu lts  presented and in a la te r chapter a comparison w il l  also be 
made with resu lts  obtained from photoelastic experimentation.
3.2 Details of the Theoretical Model Arrangement
The theore tica l analysis involves the consideration o f a
cantilever subjected to  a transverse end load as shown in
Figure [3 .1 ].  This configuration was chosen because i t  is the
simplest case involving both bending and shear stress.
Figure [3 .1 ] also shows the system of rectangular coordinates 
and typ ica l geometric parameters. I t  should be noted that in order 
to s im p lify  the calculations a ll loads are per un it thickness.
3.3 Assumptions
( i )  Each face of the beam behaves as a simple e la s tic  beam
( i i )  The depth to width ra tio  of the whole beam is large and the
( i i i )  The bending stress d is tr ib u tio n  varies lin e a r ly  through the 
depth of each facing and the core.
( iv )  Both in terface materials are assumed to e xh ib it linea r 
e la s tic  properties.
(v) Complete bonding is assumed at the in terface of each facing
subjected to a combination of bending and transverse shear 
forces.
 t  t  i t  r t i  f t  l   i  l r   t  
components can be considered to be in a state of plane 
stress.
 
and the core.
3.4 Notation
A, B constants of in teg ra tion .
x, y cartesian frame with x pa ra lle l to the neutral axis
of the beam.
L span of the can tileve r,
d thickness of the facings,
c thickness of the core.
W transverse load per un it w idth.
5 shear force per un it width in facing.
S0 shear force per un it width in core.
M bending moment per un it width in facing.
M0 bending moment per un it width in core.
T axial tension per un it width in the facing,
u mean long itud ina l displacement of the facing ,
v transverse displacement of both facing and core.
6 shear displacement in facing.
6o shear displacement in core.
E, 6 e la s tic  constants of facings.
E0, G0 e la s tic  constants of core.
m=E/E0 modular ra tio .
n, k geometric constants,
x interface shear stress.
axx» axy cartesian stress components.
t 0=W nominal shear stress.
2d+c
a0=6WL nominal bending stress.
T2d+c)2
3.5 Balanced Cantilever with Transverse End Load
3,5.1 Derivation o f the Governing Equilibrium  Equations
Consider an element, 6x, o f the sandwich at a distance x from 
the fixed  o r ig in . Figure [3 .2 ] shows such an element together with 
the system of forces which are assumed to  act upon the element.
For long itud ina l force equ ilib rium  w ith in  each fac ing ,
dX ♦ T = 0 (1)
dx
Again fo r  the fac ing , the bending moment equ ilib rium  gives,
dM + S -d /.T = 0  (2)
d x ^
S im ila r ly  the bending moment equ ilib rium  fo r  the core can be 
w ritte n  as,
dMr. ♦ So -  C.T = o (3)
dx
Now at the in te rface  between the core and each facing the 
long itud ina l s tra in  in both core and facing is  the same. Thus the 
stresses on e ith e r side of the in te rface  are re la ted  by th e ir  Young's 
moduli. This re la tionsh ip  can be w ritte n  thus ( fo r  the lower 
fa c in g ),
T -6 .M  = m.6.M0 (A)
d ?  c*
where m is  the modular ra tio  of the facing to core, (E/Eo)*
\
D iffe re n tia tin g  equation (4) and rearranging gives,
d .d j -  dM =m./d? dM0 (5)
6 dx dx W  dx
where upon su bs titu tio n  fo r  £iZ , and h M o from equations
dx dx dx
(1 ), (2) and (3) respective ly  leads to ,
S ♦ m .^ .S 0 = T. d .^m .4 * 2 ^  (6)
However, the to ta l shear force re la tion sh ip  is  given by
S0 ♦ 2 .S  = W (7)
and on combining th is  with equation (6) the shear forces w ith in  the 
facings and core can be expressed in terms of the in te rface  shear 
stress, the applied load and various model parameters as shown below.
s = T.d/3.(2  *3 .m.d/c) -  m.(d/c)*W (8)
1 -  2.m.(d/c)1
and
So = W -  T.2.d /3.(2 1-3.m.d/c ) (9)
1 -  2.m.(d/cjl
Figure [3 .3 ] shows the long itud ina l displacement conditions fo r  
the sandwich beam. These can be equated to give,
u ~ d.dv ♦ S = c .d v -  S0 (10)
2 dx 2 dx
Rearranging and d if fe re n tia t in g  twice with respect to x, gives,
d>(& .* £ )= (c *d ).d3v -  dJu (11)
dx1 2 dx1 dx1
Now the bending moment curvature re la tionsh ip  is
where El re fers to the fle xu ra l r ig id i t y  of each facing in which the 
moment of in te r t ia  I is  given by d3/ i 2 . On d if fe re n t ia t io n  w .r . t  x 
the re la tionsh ip  becomes,
d3v = 12. dM (13)
d x3 C ?  dx
Combining equations (2) and (8) to  e lim inate  the facing shear
force S and su b s titu tin g  fo r  ^  in equation (13) gives,
dx
d*v _ 12 r m.(d/c)'w-T.<4/3.(1 *3.m.4fc ♦ 3.m.[d/ cf ) ,
d * ~ E ? l  T -  2.m.(d/cf ____________ ^
Applica tion  of Hooke's Law to  the facing gives the simple 
re la tio n sh ip ,
du = _I_ CIS)
dx E.d
H T
which on d if fe re n t ia t in g  w .r . t  x and su b s titu tin g  fo r  — i-  from
q X
equation (1) becomes,
d \i = -_J_ (16)
dx1 E.d
The to ta l shear displacement, 6, of one of the facings can be 
found from the expression,
S= S. (17)
G
d if fe re n t ia t in g  twice w . r . t  x and su b s titu tin g  fo r ,  S, the shear 
fo rce , from equation (8) gives,
S im ila r ly  the core shear displacement, 60, which in th is  case 
represents only h a lf the to ta l core shear displacement is given by,
Sq= 5 o_ (19)
2,Gb
which on d if fe re n tia t io n  and su b s titu tio n  fo r ,  s0, the core shear 
fo rce , from equation (9) gives,
<1% _ - d/3.(2*3.m.d/c) tfr  (20)
dx2 ~ G0.(1 - 2.m.[d/cf)‘ dx*
S ubstitu ting  equations (14), (16), (18) and (20) back in to  (11) 
y ie lds  a second order d if fe re n t ia l equation in terms o f t , the 
in te rface  shear s tress. This fundamental d if fe re n t ia l equation is  o f 
the form,
d2T -  if.T = -n 2K.W (21)
dx2
where
n2_ 3,G.G0 | e.d ♦ 2.m.(d/c£(4.cf+ 6.c.d +3.C1) 
G-G0 E,d*.(2+3.m#d/c)
and
„ _______ 6.(c »d).m.(d/cf
*  c.d +2.m.(d/ct(4#d%6.c.d+3.c1)
3.5.2 Determination o f the In te r fa c ia l Shear Stress D is tr ib u tio n s
The so lu tion  of the fundamental d if fe re n t ia l equation, 
equation (21), is found to be of the form,
T=Asinh(nx) + B.cosh(nx) ♦ K.W (22)
where A and B are constants.
To fin d  values fo r A and B requires two boundary cond itions. 
One arises from the fa c t tha t at the fixed  end of the c a n tile ve r, 
tha t is x=0, the in te r fa c ia l shear stress w il l  be zero. This gives,
B=-K.W
there fo re , T =A^inh(nx) + K.W.0 -  cosh(nx)) (23)
The second boundary condition is  less obvious, but arises from
the facts  tha t the free  end of the beam acts as a point o f in f le c t io n
and therefore at th is  p o in t, x=L, the ra te  of change of the
in te r fa c ia l shear stress along the beam w i l l  be zero, tha t is  ^L l= 0 .
dx
This gives,
A=K.W.tanh(nL)
and therefore the in te r fa c ia l shear stress d is tr ib u t io n  is  given by,
T = K.WJ1 -  cosh(nx) ♦ tanh(nL).sinh(nx)] (24)
or in a nominalised form,
_T = K.(2.d + c)#[1-cosh(nx) + tanh(nL)#sinh(nx)] (25)
**0
where t 0  is  the nominal shear s tress, T0 = W ...
2td+c
3.5.3 Determination o f the Bending Stress D is tr ib u tio n s
Within the sandwich each facing is  subjected to a combined axia l 
force and bending moment. The resu ltan t bending stress in the bottom 
facing is given by,
Oxx= T - 12.M.Y
d d3
(26)
To obtain the axia l force T i t  is  necessary to su b s titu te  
equation (24) in to  equation (1) and then in tegra te  w ith respect 
to  x. This gives,
T = K.W.[sinh(nx) - 1anh(nL).cosh(nx)-  x] ♦ A (27)
n n
where A is  a constant of in te g ra tio n . But at x=L the axia l force 
T=0. Thus,
A = L.K.W
which gives the axia l force as,
T = K.W.[ L -  x -Vn.(tanh(nL).cosh(nx) -  sinh(nx))] (28)
The bending moment d is tr ib u tio n  can be found by su b s titu tin g  the 
shear fo rce , equation (8 ), in to  the bending equ ilib rium  equation (2 ), 
and then in teg ra ting  with respect to x, to give,
M = d/6.[1 ♦ 6,m.d/c.(1 + d/c)].K.W.[sinh(nx) - tanh(nL).cosh(nx) -x] 
1-2.m.(4fcf n n
* m.(d/c)!w.x ♦ A (29)
1 -2.m,(^'cf
where A is  the constant o f in te g ra tio n . Now at X=L the bending 
moment, M, is zero thus,
A=d/g.[1 * 6.m.d/c.(1 ♦<k )].K X L -  m.(tyc£w.L 
1 -  2.m.(d/c)i  1 -  2,m.(c|fcf
and thus the bending moment d is tr ib u tio n  becomes,
M =d/g.[1 + 6.m.d/c,(1 +d/c)].K,L,W.[1 -  x -  tahh(nL),cosh(nx) ♦ sinh(nx)] 
1 -  2.m.(d/c)1 l  n.L n.L
-  m.(d/cf.Wt L.(1 -x/i ) (30)
1 -2.m,(d/cf
S ubstitu ting  equation (30) and (28) back in to  equation (26) 
gives the bending stress in the bottom facing as,
o~xx = (2 .d ^ [1-2<m>(l4fc)-2.(^).[U6.m.d/c.0<-c^ c)ll.K.(1-l-tQnh(nL).cosh(nx)>sinh(nx))
<T0 6.d.[1 -  2tm.(4fc]n n»*- n»L
* 2.m.(2.d ♦ct(d/c)!(Vd).[1 -x/l ] (31)
dt[1-2,m.(4tn
where a0 is the nominal bending stress and is given by g,W«L
(2.d-*cf
C learly  due to  the symmetric nature of the sandwich under 
investiga tion  the bending stress in the top facing w i l l  be symmetric 
to tha t obtained fo r  the bottom fac ing . Thus there is  no need to  
carry out fu rth e r analysis to obtain th is  other bending stress 
d is tr ib u t io n .
3.5.4 Determination o f the Transverse Shear Stress D is tr ib u tio n s
The transverse shear stress d is tr ib u tio n s  through the depth of 
each facing can be found by applying the fo llow ing  standard 
expression, in th is  case applied to the top fac ing ,
d
(32)
y
For the top facing the bending stress, crxx, is given by,
(33)
which on d if fe re n tia t io n  w .r . t  x becomes,
d ^ x x = "
dx
(34)
Thus,
cr - [ 1  _  l ) . [ d l + 6 .(l t y\.dMi (35)
°xy-(d 2 JLdx d [ 2 d ' dx ■*
on substitution for ^  f r0m equation (1 ), and for ^  byax dx
su b s titu tio n  of equation (8) in to  equation (2) th is  gives,
cr - /  y 1 \ . r - T  >0 / 2 >6.m.cj/c.(i.d/c)]--r -  
x y _ ld 2> 1 2.m.(4fcM ~ d ~  J ( '
or in non-dimensional form, the shear stress in the top facing is  
given by
^ x y ./y  1 y f r  . (V2«y/d).([1-6.m.d/c.(l.d/c)LT 6.m.(2.d*4(4'cf)1
To ~ d 2 *1  T0~ ~ d ~  J (37)
S im ila r ly  fo r  the bottom facing, to  give
°xy_f y 1 u t  . (yyd~V2).([1 * 6.md/c.(1 ■>d/c)])T 6.m.(2.d^c).(cVc)1) i  f3a\
To 'd 2 ] L r0 2.m.(d/cf- l V  ~ T ~  * (3W
3.6 Discussion o f the Theoretical Results
3.6.1 In troduction
The re la tiv e  complexity o f the • sandwich beam problem in 
comparison with the simple homogeneous case is c le a r ly  demonstrated 
in the theo re tica l d is tr ib u tio n s  presented. I t  should be noted th a t 
in the bending stress d is tr ib u tio n s  shown in Figure [3 .4 ] the core 
bending stress is not present because i t ' s  value is so small th a t i t  
is  ind is tingu ishab le  from the y-axis and thus i t ' s  conclusion could 
cause some confusion.
3.6.2 Bending Stress Distribution
The bending stress d is tr ib u tio n s  across three sections of a 
typ ica l sandwich beam are shown in Figure [3 .4 ] and demonstrate 
c le a rly  the existance of neutral axes w ith in  each of the facings. 
Further fo r reasons of com patability and symmetry there must be a 
neutral axis at the centre of the core. The analysis does in fac t 
confirm th is . Another important feature which shows in Figure [3 .4 ] 
is the fac t tha t the neutral axes in the facings are displaced 
towards the core of the sandwich. This is as a re su lt o f the 
long itud ina l force in each of the facings. Because of the lower 
value of the bending moment th is  becomes more noticeable at section 
three. Obviously i f  the geometric and material parameters were 
adjusted the s itua tion  could arise whereby the neutral axes in the 
facings could be made to disappear, leaving ju s t one neutral axis at 
the centre of the core.
From these p lo ts i t  is  apparent tha t should te n s ile  or 
compressive fa ilu re  of the facing material occur th is  would o rig ina te  
at the top or bottom surface respective ly of the sandwich beam at the 
point of greatest bending moment, in th is  case the b u il t - in  end of 
the can tileve r.
3.6.3 Shear Stress D is tribu tions
The shear stress d is tr ib u tio n s  fo r the same three sections as 
fo r the bending stress are shown in Figure [3 .5 ].  From these 
d is tr ib u tio n s  i t  is evident that despite the fac t that the core shear 
stress was assumed to be parabolic i t  is ,  in th is  case, almost 
constant. However, since there are c le a rly  two maxima, one in each 
facing, there must also be a minimum in the core but the curve is so 
shallow that i t  cannot be seen. As with the neutral axes in the 
bending stress d is tr ib u tio n s  the maxima are displaced towards the 
core of the sandwich and adjustments of geometric and material 
parameters could lead to the maxima disappearing from the faces. In 
th is  case the minimum in the core would change to a maximum. A 
fu rth e r point which shows from Figure [3 .5 ] is tha t the maximum 
values of the shear stress d is tr ib u tio n s  in the facings reduce as you 
move along the beam away from the b u ilt - in  end, whereas the maximum
value of the shear stress in the core increases as you move along the 
beam away from the b u ilt - in  end. Thus in terms of shear fa ilu re  the 
facings are most susceptible at the b u il t - in  end and the core at the 
outer extrem ity of the can tileve r. I t  is also important to  again 
note tha t the maximum shear stress in the core, in the case 
considered, is at the core/facing interfaces and shear fa ilu re  in the 
core would hence orig inate  from here.
3.6.4 In te rfa c ia l Shear Stress D is tribu tions
Figures [3 .6 ] and [3 .7 ] show the e ffects of varying the 
geometric parameters and material parameter (E/E0)
respective ly, on the in te rfa c ia l shear stress d is tr ib u tio n s . Both 
figures show the re la tiv e ly  high value of the in te r fa c ia l shear 
stress over a substantial part of the outer extrem ities of the 
can tileve r. They also show that increasing e ithe r of the ra tios  
or (E/E0) has the same e ffec t of decreasing the in te rfa c ia l shear 
stress, though in both cases such an increase does not cause a 
proportionate decrease in the in te rfa c ia l shear stress.
I t  is possible to combine the two graphs shown in Figures [3 .6 ] 
and [3 .7 ] by p lo ttin g  the in te rfa c ia l shear stress fo r varying values 
of the function n2 .k. Such a graph is  illu s tra te d  in Figure [3 .8 ] 
and together with the previous two figures demonstrates that fa ilu re  
of the sandwich at e ithe r facing/core in terface w il l  o rig ina te  at the 
free end of the can tileve r. Also because of the nature of the 
in terface shear stress d is tr ib u tio n  described, such a fa ilu re  w i l l  
qu ick ly  spread along the in terface.
3.6.5 Shear Force Variation
Figure [3 .9 ] shows the proportion of the shear force carried by 
the facings and core. As implied by the assumptions, at the b u i l t - in  
end of the beam the shear force is carried by the facings alone and 
as you move along the beam to the free end so the proportion of the 
shear force carried by the core increases.
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Figure [3.1] C a n t i le v e r  Subjected to Transverse End Load.
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CHAPTER 4
EXPERIMENTAL STUDY OF A SYMMETRICAL SANDWICH BEAM
4.1 Design ai^Manufacture of the Photoelastic Models
The dimensions of the symmetrical sandwich beam tes t models are 
given in Figure [4 .1 ] .  The materials chosen fo r these photoelastic 
models are A ra ld ite  CT200 (form erly known as A ra ld ite  B) fo r  the 
facings and a Urethane rubber, Stycast CPC-41 fo r the cores. These 
m aterials were used mainly to  provide the correct ra tio  of Young's 
modulii which would enable a comparison to be made with the 
postulated theory. There were however other advantages, namely, the 
good photoelastic properties possessed by both materials and the ease 
with which the a ra ld ite  facings could be machined.
4.2 Casting and Curing Procedures
The hot se tting  res in , CT200, is supplied in the form of small 
yellow brown p la te le ts  and a separate hardener, HT901, as a white 
powder. Four parts of the resin by weight are heated to  a 
temperature of 120°C, then one part of the hardener is added. The 
resu lting  solution is then thoroughly mixed while maintaining the 
120°C temperature and then evacuated to remove any a ir  bubbles 
introduced during the mixing. Before pouring the mould must be 
properly prepared. Due to the strong adhesion properties of A ra ld ite  
a ll the surface which w il l  contact the A ra ld ite  are coated w ith a 
release agent, Redeasil No. 14. The various parts of the mould are 
then heated in an oven to a temperature of 140°C and then le f t  fo r  
h a lf an hour, a fte r which i t  is allowed to  cool to  ambient 
temperature. The mould is  then assembled and preheated to  a 
temperature of 120°C at which point the resin mixture is poured 
slowly and ca re fu lly  to avoid the in troduction of a ir  bubbles. A fte r 
curing the casting fo r 16 hours at 120°C the temperature is reduced 
to room temperature at a rate of 3°C per hour. I t  is necessary to 
anneal the casting a fte r i t  has been cured. The casting is placed in 
an oven and the temperature raised to 150°C at a rate of 20°C per 
hour. Once th is  maximum temperature is reached i t  is reduced to room 
temperature at the same ra te , 20°C per hour.The resultant cast Araldite 
has a Young's Modulus (E) of 459 OOO Vb i n s with a Shearing Modulus (G) 
of 170 000 lb ins~}
The cast A ra ld ite  is then cut and machined to the required 
dimensions fo r the model sandwich beam. I t  is then fixed w ith in  the 
core casting j ig  which is previously cleaned and coated with release 
agent, see Figure [4 .2 ]. The j ig  consists of two perspex sheets 
which are screwed together sandwiching the A ra ld ite  facings between 
them. The facings themselves are pinned the correct distance apart 
to be certa in that during the casting of the Urethane they do not 
move.
The Urethane, CPC-41, is then prepared by mixing part A and 
part B in the ra tio  of 100 to 120 by weight. The mixture must then 
be thoroughly evacuated to remove a ll th a ir introduced during the 
mixing. Once th is  is complete the mixture is ca re fu lly  poured into 
the opening at the end of the j ig  being sure not to introduce any a ir 
bubbles. The model is removed from the j ig  a fte r 24 hours and placed 
in a hot oven. This serves two purposes. The f i r s t  is to speed up 
the curing of the Urethane which would otherwise take a week. The 
second, more important, reason is the tendency of the model materials 
to  absorb moisture. By storing them in hot ovens the amount of 
moisture absorbtion is greatly reduced.
At the same time as the Urethane core is cast a small
rectangular tes t specimen is also produced from the same Urethane
CPC-41 m ixture, see Figure [4 .3 ]. This specimen is then used to
determined the mechanical and optica l properties of that p a rticu la r
Urethane. This process is necessary because in the mixing and
casting of such small quantities the f in a l properties may show some
varia tion  from one batch to another.Average values of Young's Modulus 
1CE q)  and Shearing Modulus (g 0) were 348 lb ins'-2 and 117 lbins~2 respectively
4.3 The Loading System and Testing
In order to apply three-point bending to the tes t models w ith in  
th e ir  own planes i t  is necessary to construct a loading r ig .  A 
suitable loading r ig  is illu s tra te d  in Figure [4 .4 ] and was made from 
Aluminium A lloy B.S.1474.
The design of the r ig  is such that i t  is attached to the model 
by small pins at both outer extrem ities of the top and bottom
facings. The design also ensures that equal loads of W/4 are applied 
at these four points. W is the to ta l load carried by the te s t model 
and is attached via two plates bolted along the centre lin e , see 
Figure [4 .5 ].
Before testing  can begin each model must be removed from the
storage oven and allowed to cool fo r approximately 20 minutes to 
reach ambient temperature. I t  is then pinned w ith in  the loading r ig  
and the complete assembly suspended in the standard photoelastic 
s tra in ing  frame. A ve rtica l s ta tic  load of 41b weight was applied to 
the central loading attachment.
The applied load was chosen such that a number of d is t in c t 
fringe  orders could be observed while ca re fu lly  ensuring tha t the
model s tra ins were well below the e la s tic  l im it .  A fter a fu rthe r 
period of approximately 30 minutes the photoelastic observations 
could be taken and the model returned to the storage oven.
4,4 The Optical System and Photoelastic Observations
The photoelastic model analysis was carried out on a 
conventional polariscope, Figure [4 .6 ] showing the re la tiv e  positions 
of the optica l elements. The lig h t source is a 250 watt high 
pressure mercury vapour lamp with an in frared heat cut o f f .  A fte r 
passing through an u ltra  v io le t f i l t e r  the lig h t rays are brought to 
focus at an i r is  diaphragm by a small lens. A green f i l t e r  may be 
interposed at th is  point to give a reasonably monochromatic green 
l ig h t of mean wavelength 5461A0. A second much larger lens is then 
used to produce a 4 inch diameter beam of collimated l ig h t ,  a sheet 
of translucent paper converts th is  to d iffuse  lig h t .  This beam of 
d iffuse  lig h t passes in turn through the po la rise r, the te s t model, a
quarter wave plate when required, and the analyser. The model is
viewed through a tra v e llin g  microscope and fo r each observation the 
cross-wire is positioned over the point of in te res t.
With the green f i l t e r  and the quarter wave plate removed and the 
polariser and analyser crossed and coupled, the is o c lin ic  parameter 
was noted. Then with the polariscope set up fo r the Senarmount
method of measuring fra c tio n a l fr in g e  orders the isochromatic fr in g e  
number was measured. The process was then repeated to obtain the 
is o c lin ic s  and isochromatics fo r a ll the te s t locations.
4.5 Analysis of the Test Data
Within each of the experimental te s t models three d if fe re n t 
transverse sections were selected along which photoe lastic  
observations were taken. These sections namely 1, 2 and 3 are 
i l lu s tra te d  in Figure [4 .1 ] .  The three models used had ra tio s  of 
facing to core thickness (d/c) o f 0.33, 0.25 and 0.18. The va ria tio n  
in th is  ra t io  was used to determine the e ffe c t such geometrical 
parameters on the behaviour o f sandwich beams under a given loading 
cond ition .
During the manufacturing procedure of each of the models 
stresses are induced which cannot be removed by annealing. These 
stresses, especia lly  those induced at the facing/core in te rface  w i l l  
c le a r ly  show in the f in a l experimental re s u lts .
The e ffe c t o f these in i t i a l  stresses can be removed by 
employing the correct experimental technique which is to take two 
sets of readings the second set with the loading arrangement reversed 
from the f i r s t .  In th is  way the stresses due to the loading 
arrangement change sign from the f i r s t  case to the second whereas the 
in i t ia l  stresses remain the same. Thus subtracting the two re su lts  
removes the e ffe c t of the in i t ia l  stresses.
In mathematical terms th is  becomes,
crXx =-L«(Nicos2©| -N2COS2Q2)
2#t
where axx is the bending stress, f  is the s tress -op tic  c o e ff ic ie n t,  t  
the model thickness, Nx the isochromatic fringe  number fo r the f i r s t  
loading and the is o c lin ic  angle fo r the f i r s t  loading. N2 and 02 
are again the isochromatic fr in g e  number and is o c lin ic  angle but fo r 
the reversed loading.
Similarly for the shear stress,
^xy  =_L« ( N*|Sin20,| -  N2Sin202)
4,1
In th is  way, by using the photoelastic observations o f is o c lin ic  
angles and isochromatic fr in g e  number i t  is possible to accurately 
ca lcu late the shear stresses and bending stresses at any o f the te s t
points in the three experimental beams.
4.6 Discussion of the Experimental Results
Figures [4 .8 ] through to [4.17] show the experimental re s u lts  
p lo tted  against the theo re tica l d is tr ib u tio n s . The comparison shows 
the good agreement which ex is ts  between the re su lts  though two 
in te re s tin g  aspects need to be discussed. The bending s tress, which 
is not p lo tted  fo r the core because of i t s  low value, shows exce llen t 
agreement fo r sections 1 and 2 but d r i f t s  s l ig h t ly  o f f  at section 3 
fo r a ll the te s t beams. This d r i f t  is only s lig h t but can be 
explained by the work of R.S. A lwar(17), C.L. Amba-Rao and
S.K. Bansalt18) and C.L. Amba-Rao(19#) .
R.S. A lwar(i7 ) considered the e ffe c t of having two
s ta t ic a l ly  equivalent loading systems which gave d if fe re n t 
experimental re s u lts . In the paper he published in 1970 he ca rried  
out a series of photoelastic experiments on a simple sandwich beam
subjected to transverse end load could be applied e ithe r o f two
locations A or B, forming two s ta t ic a l ly  equivalent systems. The 
models tested were a ll of the same dimensions, see Figure [4 .7 ] ,
although they were constructed of d iffe re n t m ateria ls , inc lud ing 
Rubber, A ra ld ite  D and P la s tic iz e r. This gives a maximum ra t io  o f
Young's Modulii Eface/Ecore of about 3600. Since the in te re s t was in
find in g  to what extent the loading e ffe c t was carried along the beam 
a f u l l  and complete analysis of the p rinc ipa l stresses was not
attempted. Instead the fr in g e  order d is tr ib u tio n s  were p lo tted  at
various points along the beam. The fo llow ing  important conclusions 
were drawn by the author Alwar about the va ria tion  caused by loading
at A or B, these are fo r the worst case then the Young's Modulus 
ra t io  was at a maximum:-
( i)  At a distance "b" from the load point the maximum d iffe rence  
was found as high as 40%.
( i i )  At a distance "2b" the maximum d iffe rence  was found to  be
about 18%.
( i i i )  At a distance "3b" the maximum d iffe rence  was found to be
in s ig n if ic a n t.
(The work of C.L. Amba-Rao and S.K. Bansal(18) and
C.L. Amba-Rao(19) continues th is  fu r th e r ) .
This e ffe c t so described can thus explain the s lig h t v a r ia tio n  
which occurs at section 3. The lack in va ria tio n  at section 1 is
probably as a re s u lt of the so lid  section through which the centra l 
load is applied.
The second point which must be discussed is the accuracy of the 
experimental shear stress d is tr ib u tio n s . As can be seen from the 
p lo ts  the core shear stress shows very good agreement across a ll 
three sections fo r a ll three of the beams, the error is w ith in  5%. 
The experimental shear stresses in the facings however show much more 
va ria tion  w ith the d iffe rence between the th e o re tica l and 
experimental re su lts  as much as 100-150 percent in some cases. The 
reason fo r th is  va ria tion  and apparently large error is purely the 
accuracy to which the photoelastic observations (namely the 
is o c lin ic s )  can be made. This observation error is greater in the 
facings than the core due to the nature of the fr in g e  patterns but
also the re su ltan t error in the calculated shear stress is greater in
facings than the core fo r the same observation e rro r. This arises
because the shear stress is calculated from the general equation,
crXy=_L.(NiSin2ei - N 2sin202)
(as mentioned previously) and in th is  form errors in the is o c lin ic  
angles ©i or 0£ when 0 is around 0° or 90° have greater s ign ificance  
tha t i f  0 is nearer 45°. This also explains the reason fo r the 
accuracy of the facings bending stress. In th is  case the bending 
stress is given by,
°xx =±.(1^00520! -  N2cos202)
in which the cos 20 terms have replaced the sin 20 terms in the shear 
stress equation. Thus errors in the is o c lin ic  angle when 0 is  around 
45° now have greater s ign ificance  than i f  0 is nearer 0° or 90°. In
general the is o c lin ic  observations in the facings are around 0° - 20°
and 70°-90° whereas in the core the observations are w ith in  the range 
40°-50°, thus the re su lta n t errors in the experimental shear stress 
in the facing w il l  be greater than those in the core. The re su lta n t 
bending stress experimental errors w il l  conversely be greater in the 
core than the fac ing , however the core bending stress is not included
because i ts  value is so small. The errors in the facing bending
stress are of the order o f 7%-8%.
Apart from the two s itua tions  ju s t discussed the experimental 
re su lts  confirm the theo re tica l d is tr ib u tio n s  across the three 
sections of a ll three beams as well as the in te r fa c ia l shear stress 
d is tr ib u tio n s  along the length of the beam.
The use of a photoelastic technique to obtain experimental 
corroboration of the theo re tica l d is tr ib u t io n  enables the stresses, 
both shear and bending, to be calculated fo r any position  w ith in  the 
tes t beam. With such an obvious advantage s im ila r model techniques 
have many add itional app lications w ith in  the fu rth e r study of 
sandwich structu res. T yp ica lly  the study o f tapered fac ings, 
loca lised loads or the analysis of geometrical d is c o n tin u itie s  w ith in  
sandwich structures could be tackled by employing a s im ila r 
photoelastic analysis as has been carried out here.
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CHAPTER 5
THEORETICAL ANALYSIS OF A NON-SYMMETRICAL SANDWICH BEAM
5.1 Introduction
Here a theory is developed to pred ict the e la s tic  bending and 
shear stress d is tr ib u tio n s  fo r a sandwich beam of non-symmetrical 
construction, in which the facings are of d iffe re n t thickness. The 
defining of th is  more d i f f ic u l t  problem requires a more complex 
system of forces and additional assumptions are necessary i f  a 
solution is to be produced.
One of these extra assumptions states that the shear stress 
across the core is constant which in turn leads to the in te r fa c ia l 
shear stress being the same at both interfaces and thus the axial 
force being the same in each facing. This assumption which proved 
essential in obtaining a solution was ju s t if ie d  from experimental 
observations taken from a series of tests on photoelastic models o f 
varying geometrical configuration.
The theore tica l analysis i t s e l f  follows a very s im ila r course to 
the previous analysis and involves consideration of a can tileve r 
subjected to a transverse end load as shown in Figure [5 .1 ] ,  which 
also shows the system of rectangular co-ordinates and typ ica l 
geometrical parameters. As before i t  should be noted that in order 
to s im p lify  the calculations a ll loads are per un it thickness.
5.2 Assumptions
( i )  Each face of the beam behaves as a simple e la s tic  beam 
subjected to a combination of bending and transverse shear 
forces.
( i i )  The depth to width ra tio  of the whole beam is large and the 
components can be considered to be in a state of plane 
stress.
( i i i )  The bending stress d is tr ib u tio n  varies lin e a r ly  through the 
depth of each facing.
(iv ) No bending stress is carried by the core.
(v) Both in terface materials are assumed to exh ib it linear 
e la s tic  properties.
(v i)  Complete bonding is assumed at the in terface of each facing 
and the core.
( v i i )  Shear stress d is tr ib u tio n  is assumed to be constant across 
the core.
( v i i i ) Both facings are of the same m ateria l.
(x i)  The transverse displacement is assumed to be the same in 
both facings.
5.3 Notation
A, B, C s u ff ix 's  denote the top facing, bottom facing
L
d
W
s
M
T
u
v
D, F 
x, y
and core respective ly, 
constants of integraton.
cartesian frame with x pa ra lle l to the neutral
axis of the beam.
span of the can tileve r.
thickness of the facing or core.
transverse load per un it width.
shear force per un it width.
bending moment per un it width.
axial tension per un it width.
mean longitudinal displacement.
transverse displacement.
shear displacement.
e la s tic  constants of the facing m ateria l, 
e la s tic  constants of the core m ateria l, 
modular ra t io .
To = W
(dA+dB+dC) 
a0 6WL
axx, axy
T
n, K geometric constants, 
in te rface  shear stress, 
cartesian stress components, 
nominal shear stress.
nominal bending stress.
(dA+dB+dC)2
5.4 Cantilever with Transverse End Load
5.4.1 Derivation o f the Governing Equilibrium  Equations
Consider an element, 5x, o f the sandwich at a distance x from 
the fixed  o r ig in . Figure [5 .2 ] shows such an element together w ith 
the system of forces which are assumed to act upon the element.
For long itud ina l force equ ilib rium  w ith in  each fac ing ,
Now fo r the top fac ing , the bending moment equ ilib rium  gives,
s im ila r ly  fo r  the bottom facings,
The core however is assumed to carry no bending moment, thus the 
moment equ ilib rium  is reduced to the form,
d j  . T = 0  
dx
(1)
dMA ♦ SA-d^.T=0  
dx 2
(2)
SC - d c .T=0 (A)
The bending moment curvature re la tionsh ip  is
d*v _ mA _ MB 
d x * -E .IA - E . I B
(5)
where El re fe rs  to the fle x u ra l r ig id i t y  of each facing in which the 
moment of in e r t ia  I is given by d3 /12.
Now the to ta l shear force is given by,
SA *S B * SC = W (6 )
By manipulation of equation (2) through to (6 ) the shear forces 
Sa, S3 and Sq can be obtained in terms of the in te r fa c ia l shear 
stress, x , and various model parametic parameters, thus
( j | ) ,.w *,/2 ['lA -(^ )!<dB '  W c ’l ' t  ( j ,
Sa= E^ fi
W . V 2[ ( | f . d B - d A- 2 .dc].T (8)
S B =  t l - M
dB
s C = T* dC (4)
Figure [5 .3 ] shows the long itud ina l displacement conditions fo r  
the non-symmetric sandwich beam. The long itud ina l displacements can 
be equated to  give,
uA-  dA.dv ♦ Sq= uB ♦ dg.dv + dc,dv 
~2 dx 2 dx dx
By applying Hooke's Law to  the facings gives the simple 
re la tionsh ip s ,
As before, by rearranging, su b s titu tio n  and d iffe re n tia to n  i t  is 
possible to  obtain a d if fe re n t ia l equation in terms of the 
in te r fa c ia l shear, x , thus
d*r -  rf.T = -rf.K .W  (12)
dx*
where
n2 =
Gq *3«(dA+dB+2«dc) (dA + dB)
C d c* l d p T p f  + *.< %
C%
(13)
and
K n1 -  6,Gc . <dA*dB * 2»dC) 
'  E ^ c .d | [1 . ^ f ]  
dB
(14)
5.4.2 Determination o f the In te r fa c ia l Shear Stress D is tr ib u tio n
The so lu tion  of the fundamental d if fe re n t ia l equation,
equation (12) , is found to be of the form,
T = D.sinh(nx) ♦ F.cosh(nx) + K.W (15)
where D and F are constants.
To fin d  values fo r D and F requires two boundary cond itions. 
One arises from the fa c t tha t at the fixed  end of the c a n tile v e r, 
tha t is  x=0, the in te r fa c ia l shear stress w i l l  be zero. This gives,
F = -  K.W
the re fo re , 7 = D,sinh(nx) + K.WJ1 -  cosh(r»d] (16)
The second boundary condition is less obvious, but arises from
the fa c t tha t the free end of the beam acts as a point of in f le c t io n  
and therefore at th is  p o in t, x=L, the ra te  o f change o f the
in te r fa c ia l shear stress along the beam w il l  be zero, tha t is dT_ q  . 
This gives,
D = K#W.tanh(nL)
and therefore the in te r fa c ia l shear stress d is tr ib u t io n  is given by,
T=KfcW.[1 -cosh(nx) + tanh(nL)%sinh(nx)] (17)
or in a normalised form,
T = K.(dA* dB * dQ)#[tanh(nL).sinh(nx) -  cosh(nx)] (18)
To
where x0 is the nominal shear stress, T0 = W ^
(d ^d B+dc )
5.4.3 Determination o f the Bending Stress D is tr ib u tio n
Within the sandwich each facing is subjected to a combined axia l 
force and bending moment. The re su lting  bending stress in the top 
facing is given by,
OVv = ~ L ~  12*Jj4’y (19)
dA dA
To obtain the axia l force T is  is  necessary to  su b s titu te  
equation (17) in to  equation (1) and in tegra te  with respect to  x. 
th is  gives,
T = K#W#[L -  x -Vnttanh(nL).cosh(nx) -sinh(nx)]] (20)
The bending moment d is tr ib u tio n  can be found by su b s titu tio n  of 
the shear forces, equations (7) and (8 ), in to  the bending equ ilib rium  
equations (2) and (3 ), and then in teg ra ting  w ith respect to x, to  
give fo r the top fac ing ,
Ma = (^).(dA+dB+2.dQ).K.W.[tanh(nL)#cosh(nx)-sinh(nx) + n .x- Ll
2.[1 *g&f] n ,dA,3
B * ( ^ ) .W .L .[1 -*/L] (a )
[1 * ^ \ 3 ]
and fo r the bottom facing ,
Mb = (dA+dR +2.dr ). K.W.ttanh(nL).cosh(nx) -  sinh(nx)»nx -  L]
^ w  "  - * y i i 5 U  (2 2 )
dB
S ubstitu ting  equations (20) and (21) back in to  equation (19) 
gives the bending stress in the top facing as,
■g. MA.% .dcfH -j^ f-6.l^&^ ^ * 2JcU|llU I-^ -l°nh(hU«sh(hi»anhWl
dAa. [ 1 +( ^ f ]
(23)
and fo r  the bottom fac ing ,
(dA^ dp*drf.D^f-6.(^ ^ 2;dC).(l.)]K j[ i - ^ - tQnh(nU.cosh(nx)^ sinh(nx)]
4
(Txx ,v dB WdB -  "  l  —
-  2 ,(dA>dB . d c f . ^ ) . [ 1 - x/L ]
4 M $ ]
(24)
where a0 is the nominal bending stress and is given by 0^= 6.W .L
d^A+dB'fd c )a
5.4.4 Determination of the Transverse Shear Stress Distribution
The transverse shear stress d is tr ib u t io n  through the depth of 
each facing can be found by applying the fo llow ing  standard 
expression, in th is  case applied to the top fac ing,
rS k
°xy = \ 2 dcrxx dy 
A J y dx A
By su b s titu tin g  fo r axx/\ from equation (19) and by
su b s titu tin g  f o r i U  and — A i t  is possible to obtain an expression 
dx dx
fo r the shear stress <?xy/\. In nominal form th is  becomes,
w
S im ila r ly  fo r the bottom facing to give,
°xyD / y 1\ [ 6 t V  h  1 r(dA*dB+2«dC) T  ^ t  1
T0 "’^dB + 2 *^[dg*^dB 2 2 * T0~ T0 J
where t 0 is the nominal shear stress and is given by f  = W
(cJ^+dg+dQ)
5.5 Discussion of the Theoretical Results
Although the non-symmetrical sandwich beam problem is  more 
complex than the symmetrical case and requires additional assumptions 
to obtain so lu tions, the th eo re tica l stress d is tr ib u t io n s , 
Figures [5 .4 ] to [5 .6 ],  are remarkably s im ila r to the symmetrical 
d is tr ib u tio n s  previously described in Chapter 3. There are however a 
couple of d ifferences which ought to be discussed here.
F irs t ly  the bending stress d is tr ib u tio n s , three sections of a 
typ ica l non-symmetrical beam are shown in Figure [5 .4 ],  are such tha t 
the s itua tion  is l ik e ly  to arise whereby a neutral axis no longer 
exists in the th inner facing. This almost occurs at section 3 shown 
in Figure [5 .4 ] .  I t  should also be noted that when the neutral axis 
disappears from the th inner facing the neutral axis which exists in
the core w il l  also disappear. (Note: the core bending stress 
d is tr ib u tio n s  are not included in the Figure fo r the same reasons as 
mentioned in Chapter 3). In terms of fa ilu re  of the non-symmetrical 
beam as a re su lt of high bending stress th is  w il l  now o rig ina te  at 
the outer (free) surface of the th icke r facing at the section of 
greatest bending moment, in the case considered the b u il t - in  end of 
the beam.
The second point fo llows from the f i r s t  and concerns the shear 
stress d is tr ib u tio n s  which are shown fo r  a typ ica l beam in 
Figure [5 .5 ] .  These d is tr ib u tio n s  which c le a rly  demonstrate the
non-symmetric nature of the problem also show tha t i t  is  possible fo r 
the shear stress maxima in the th inner facing to disappear from the 
facing while s t i l l  leaving a shear stress maxima in the th icke r
facing, thus the th icke r facing w il l  be more susceptible to shear 
fa ilu re  than the th inner facing.
A fu rth e r point which follows from Figures [5 .5 ] and [5 .6 ] is  
the possible shear fa ilu re  at e ithe r facing/core in te rface . In the 
analysis presented i t  was assumed that the shear stress was constant 
across the core. This can be seen to be ju s t i f ie d  from the 
experimental resu lts  presented in the next chapter. However in 
re a lity  when shear maxima ex is t in both facings a minimum must ex is t 
in the core. But due to the non-symmetry the value of the shear 
stress at each in terface is  not the same and thus in terface shear
fa ilu re  would favour one p a rticu la r in te rface . This would happen in 
a perfect world however the difference between the shear stress at 
the interfaces is so small tha t the overrid ing c r ite r ia  becomes the 
degree of bonding between the core and each facing.
Figure [5 .7 ] ,  which shows the proportion of the shear force 
carried by each facing and the core, has been included to show the 
high degree of shear force carried by the th icke r facing, especia lly
at the b u il t - in  end of the can tileve r. This arises because at the 
b u il t - in  end the shear forces in the facings are related by the cube 
of the ra tio  of th e ir  thicknesses. Thus in the case of Figure [5 .7 ] 
in which the ra tio  of the facing thicknesses is 3:1 the shear forces 
in the facings at the b u il t - in  end are in the ra tio  of 27:1.
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CHAPTER 6
EXPERIMENTAL STUDY OF A NON-SYMMETRICAL SANDWICH BEAM
6.1 Introduction
The dimensions of the non-symmetrical sandwich beam te s t models 
are given in Figure [6 .1 ] ,  thus providing ra tios  of facing thickness 
of 1.5:1, 2:1 and 3:1.
In order to provide a true comparison between the 
non-symmetrical and the symmetrical cases the non-symmetrical te s t 
beams were made of exactly the same materials with an exactly s im ila r 
casting, curing and construction technique as used fo r  the 
symmetrical tes t models.
The system of loading, however, had to be changed in order to  
s a tis fy  an additional assumption required by the non-symmetrical 
theory. This assumption states that the transverse displacements o f 
both facings are the same. Thus the loading r ig  il lu s tra te d  in 
Figure [6 .2 ] which while applying three-point bending to the model 
also sa tis fie d  the new assumption by maintaining a fixed transverse 
distance between the loading points of each facing.
Once the r ig  was loaded an exactly s im ila r tes ting  procedure was 
employed as previously detailed in Chapter 4. The te s t data thus 
obtained was then analysed using the same process as described in the 
aforementioned chapter such that the e ffe c t o f in i t ia l  stresses 
induced during construction could be removed.
6.2 Discussion of the Experimental Results
Figures [6 .3 ] through to [ 6 .8] show the experimental resu lts  
p lotted against the theore tica l d is tr ib u tio n s . Apart from the two 
situa tions discussed in Chapter 4, which hold true here as w e ll, the 
experimental resu lts  confirm the theore tica l d is tr ib u tio n s  across the 
three sections of a ll three of the non-symmetrical tes t beams.
These resu lts  thus ju s t i fy  the assumptions that the shear stress 
is constant across the core and that the transverse displacements are 
the same in each facing. This second assumption is shown to be true 
by the accuracy of the bending stress d is tr ib u tio n s  in each of the 
facings.
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CHAPTER 7
GENERAL DISCUSSION AND CONCLUSIONS
7.1 Analysis of the Sandwich Beam
Sandwich structures have many advantages over other s tructures, 
as mentioned previously in the in troduction . However i t  has been
shown that they exh ib it a much more complex deformation behaviour
than normal homogeneous structures, which in turn leads to more 
numerous possible modes of fa ilu re . I t  is necessary to  have a
detailed understanding of the stress d is tr ib u tio n s  and behaviour of 
sandwich beams i f  the re la tive  importance of these various modes of 
fa ilu re  are to be ascertained or fo r the e ff ic ie n t design of sandwich 
structures. The two sets of theore tica l analyses and experimental 
studies presented here are an attempt to provide that understanding.
7.2 Deformation Behaviour of Sandwich Beams
Both the symmetrical and non-symmetrical analyses together with 
th e ir  respective experimental tes t data confirm the expected stress 
d is tr ib u tio n s  outlined in the in troduction . This involves the
facings supporting re la tiv e ly  high bending stresses w h ils t, the core 
carries a high proportion of the shear load (as much as 70% in the 
symmetrical models tested, see Figure [3 .9 ]) .  However, the 
non-symmetrical resu lts  show that i f  the thickness of one of the
facings is increased s ig n if ic a n tly  then the proportion of the shear 
load carried by that facing in re la tio n  to the core also increases 
s ig n if ic a n tly . This can be seen in Figure [5 .7 ] which shows the
theore tica l d is tr ib u tio n  of the shear load carried by a 
non-symmetrical sandwich beam in which one facing is three times the
thickness of the other. In th is  case the th icke r facing supports a
greater proportion of the shear load than the core. Obviously, the 
re la tive  thickness of the core is of v ita l importance under these 
circumstances and in the case of the sandwich beam considered the 
core is twice the thickness of the th icke r facing.
I f  the re la tiv e  thickness of the th icker facing is increased 
fu rth e r i t  w i l l  begin to dominate the sandwich eventually supporting 
a very high proportion of both the bending stress and the shear 
load. With these geometric conditions i t  would be necessary to 
review and possibly adjust the basic assumptions upon which the 
analysis presented is based. I t  should be noted that in the case of 
the sandwich beam ju s t considered (with one facing three times the 
thickness of the other and with the core twice the thickness of the 
th icker facing) the experimental resu lts  agree very well with the 
theore tica l d is tr ib u tio n s . See Figures [6 .5 ] and [ 6 .8] fo r  a 
comparison of the theore tica l and experimental re su lts . I t  is worth 
noting that re la tiv e  s tiffn e ss  of the facings in th is  case are in the 
ra tio  of 27:1, so the theory has been shown to be very accurate over 
a very large range.
Also apparent from both analyses and the two sets of 
experimental studies is the high shear stress sustained at the 
in terface between the core and each facing. This in te rface  shear 
stress, which is  associated with the method by which load is 
transferred between components of the sandwich, has been shown to 
have a re la tiv e ly  high value over a large proportion of the span. I t  
has also been shown that changes in geometric parameters do not cause 
a proportionate change in the value of the in terface shear stress.
Further, i t  has been shown tha t the shear stress d is tr ib u tio n s  
consist of parabolas in the facings with an apparently constant shear 
stress across the core, th is  applies to both symmetrical and 
non-symmetrical sandwich beams. The bending stress d is tr ib u tio n s  are 
shown to be linear in both facings and core, however the core bending 
stress has also been shown to be v ir tu a l ly  neg lig ib le .
7.3 Conclusions
A. Despite the complex deformation behaviour cha rac te ris tics  of 
sandwich structures two simple analyses have been developed, 
based upon the Bernoulli-Euler Theory, which have been found to  
be e ffe c tive  in predicting the stress d is tr ib u tio n s  associated 
with symmetrical and non-symmetrical sandwich beams subjected to  
transverse load.
B. The s im p lis tic  nature of the analyses provides fo r a better 
understanding of the behaviour characte ris tics of sandwich beams 
and the shear load transfer associated with such structures.
C. The photoelastic technique was shown to be a very e ffe c tive  
method of obtaining te s t data fo r use in the analysis of 
sandwich beams.
7.4 Suggestions fo r  Further Work
A. As experimental studies have been carried out on only a narrow 
range of models, fu rthe r photoelastic studies with d iffe re n t 
materials and d iffe re n t geometric configurations could prove 
in te res ting .
B. The analyses could be expanded to take in to account more 
complicated loading configurations.
C. A s im ila r philosophy could be used to pred ict the stress 
d is tr ib u tio n s  associated with a localised load, or to take into 
account the non-linear e ffects  associated w ith some foam 
m ateria ls.
D. In consideration of "rea l" sandwich structures i t  would probably 
prove a worthwhile task to expand upon the theories developed 
here and t ry  to analyse the three-dimensional system.
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